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Field-driven transition in an Ising magnet with mixed intera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Transfer-matrix methods are used, in onjuntion with nite-size saling and onformal invariane
onepts, to generate an aurate phase diagram for a two-dimensional square-lattie Ising spin-1/2
magnet, with ouplings whih are positive along one oordinate axis, and negative along the other,
in a uniform external eld. Our results indiate that the ritial line starts horizontally at the zero-
temperature end of the phase boundary, at variane with the reentrant behavior predited in some
earlier studies. Estimates of the thermal saling exponent are very lose to the Ising value yT = 1
along the ritial line, exept near T = 0 where strong rossover eets prevent a reliable analysis.
PACS numbers: 64.60.De, 75.10.Hk, 75.30.Kz
I. INTRODUCTION
In this paper we investigate a squarelatie Ising spin
1/2 system with ferro and antiferromagneti intera-
tions, in the presene of a uniform magneti eld. The
Hamiltonian is given by:
H = −Jx
∑
i,j
σi,j σi,j+1 + Jy
∑
i,j
σi,j σi+1,j −H
∑
i,j
σi,j ,
(1)
where Jx, Jy > 0, and σi,j = ±1. Here, all elds, ou-
pling strengths and temperatures will be given in units
of Jx. At T = 0, H < 2Jy, the ground state on-
sists of alternating ± stripes along the x axis, while for
larger H all spins are parallel to the eld. A ritial
line Tc(H) onnets (T = 0, H = 2Jy) to the zero-
eld Onsager ritial point, whih for Jy = 1 is at
T 0c = 2/ ln(1 +
√
2) = 2.2691853 . . . . Sine the ground
state does not exhibit marosopi residual entropy, the
transition along Tc(H) is expeted [1℄ to belong to the
Ising universality lass for all T 6= 0, similarly to the
losely-onneted ase of the standard (isotropi) anti-
ferromagnet in a uniform eld [2, 3, 4, 5, 6℄.
The problem desribed by Eq (1) was treated by
Müller-Hartmann and Zittartz's interfae method [2℄ in
Ref. 7, whih provides an exellent summary of earlier
work. It was revisited in Ref. 8, using an approah whih
onsiders the zeros of the partition funtion on an ele-
mentary lattie yle, and their onnetion to the free
energy singularity at the transition [6℄. Remarkably, the
ritial line found in Ref. 8 is predited to display a pos-
itive slope lose to T = 0, so the ritial eld reahes
a maximum at some nonzero T before approahing zero
at higher temperatures. Similar reentrant behavior was
predited upon appliation of a Bethe-Peierls approxima-
tion [9℄. On the other hand, the linear-hain approxima-
tion [1℄ gives an exponentially vanishing positive slope at
T = 0, while the interfae method also predits an expo-
∗
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nentially vanishing value, only on the negative side [7℄.
Reent real-spae renormalization results [10℄ point to a
nite negative slope at T = 0.
We use transfer-matrix (TM) methods, in onnetion
with nite-size saling and onformal invariane ideas, in
order to produe a numerially aurate phase diagram
for this problem. The underlying hypotheses in our work
are: (i) that the phase transition is seond-order all along
the ritial line, and (ii) that it belongs to the Ising uni-
versality lass. Both assumptions are ritially reviewed
towards the end of the paper, in light of the numerial
results obtained while assuming their validity.
In Se. II we reall the alulational methods used for
the approximate loation of the ritial line; the respe-
tive results are exhibited, as well as their extrapolation
in the thermodynami limit. In Se. III, we analyze the
data generated in Se. II, both in omparison with the
existing literature, and in regard to their internal onsis-
teny. The universality of ritial behavior is disussed,
and onluding remarks are made.
II. METHOD AND RESULTS
We have kept Jy = 1 in all alulations reported here.
We set up the TM on strips of width N sites, with peri-
odi boundary onditions aross. Referring to Eq. (1),
three hoies of orientation are available in this ase,
namely the TM an be iterated along the ferromagneti
(F), or x diretion; along the antiferromagneti (AF),
or y diretion; or along the diagonal (D) of the square
lattie. As this is a weakly anisotropi system [11, 12℄,
one would expet estimates of, e.g., ritial exponents
and loations of ritial points, to onverge to the same
orientation-independent limit forN ≫ 1, while nite-size
orretions should dier in eah ase. In order to obey
the ground-state symmetry, only even values of N are
allowed for F and D, while no suh restrition applies
to AF. We generally used 4 ≤ N ≤ 20; for F we went
up to N = 22. This range of N enabled the authors
of Ref. 5 to loate the ritial line of the isotropi Ising
antiferromagnet to very high auray.
2Figure 1: (Color online) Low-temperature approximate rit-
ial boundaries given by solutions of Eq. (2). Triangles,
squares, and hexagons denote respetively TM along F, AF,
and D diretion. Empty symbols: N = 4; full symbols:
N = 22 (F), 20 (D and AF).
A. Keeping η = 1/4
Following earlier work on similar problems [3, 5, 13℄,
our nite-N estimates for the ritial line are found by
requiring that the amplitude-exponent relation of onfor-
mal invariane on strips [14℄ be satised, with the Ising
deay-of-orrelations exponent η = 1/4:
4NκN(T,H) = pi , (2)
where κN (T,H) = ln |λ1/λ2 | is the inverse orrelation
length on a strip of width N sites, with λ1, λ2 being the
two largest eigenvalues (in absolute value) of the TM.
For H ≪ 1, the solutions to Eq. (2) leave the T axis
vertially, and are very lose to eah other for all three
orientations of the TM. We shall briey return to this,
towards the end of the paper. For low temperatures T .
1, the main region of interest here, substantial dierenes
arise. These are illustrated in Fig. 1. One sees that,
with inreasing N , all three families of urves get loser
together, though AF does so at a slower rate. Also, in all
ases their limiting shape for T . 0.4 is, with very good
auray, a straight line going through the exat zero-
temperature xed point at H = 2. Reentrant behavior is
learly visible for the F urves and, to a lesser extent, for
the D ones, though in both ases the peaks turn atter as
N inreases. In order to hek whether the reentranies
vanish in the N → ∞ limit, we plotted the sequenes of
slopes SN of the T → 0 straight-line setions referred to
above, against N−1.
Results are shown in Fig. 2. For both F and D the
Figure 2: (Color online) Slopes SN of the low-temperature
straight-line setions of approximate ritial boundaries given
by solutions of Eq. (2), against 1/N . Triangles, squares, and
hexagons denote respetively TM along F, AF, and D dire-
tion. For AF, data are saled by a fator of 5. Lines are ts
to data: linear for F and D (all N), and paraboli (linear plus
quadrati) for AF (N ≥ 10 only).
trend is, to an exellent approximation, SN → 0 linearly
with N−1. Indeed, the respetive extrapolated values
are (4 ± 3)× 10−7 (F) and (−15± 4)× 10−5 (D), whih
in pratie equate to zero within the present ontext.
For AF, a large amount of urvature is present; from a
paraboli t (SN = S∞+aN
−1+bN−2) of N ≥ 10 data,
one gets S∞ = −0.029±0.004. This would orrespond to
1−Hc(T )/Hc(0) ≃ 0.01 at T = 0.5 whih, though small,
is signiant.
In summary, the analysis of limiting slopes at low T ,
N → ∞, indiates that the reentrant behavior observed
for F and D data is a nite-size eet, whih tends to
vanish in the thermodynami limit. A small disrepany
still remains, between F and D data whih are onsistent
with a horizontal ritial line at T → 0, and AF results
whih point to a slightly negative slope in that limit.
B. Phenomenologial Renormalization
Further insight an be gained by relaxing the assump-
tion made in Eq (2), that the phase transition belongs to
the Ising universality lass, and demanding only that it
remain of seond order. From nite-size saling, one gets
the basi equation of the phenomenologial renormaliza-
tion group (PRG) [15℄ for the ritial line:
NκN (T,H) = N
′κN ′(T,H), (3)
3Figure 3: (Color online) Low-temperature approximate riti-
al boundaries given by solutions of Eq. (3). Triangles: TM
along F diretion, N = 14; hexagons: D, N = 14; empty
squares, rosses, and full squares all for AF, respetively
N = 10, 12, and 14.
where the strip widths N and N ′ are to be taken as lose
as possible for improved onvergene of results against
inreasing N . This means N ′ = N − 2 for F, D, and
N − 1 for AF.
We found that PRG results onverge very rapidly for
both F and D orientations of the TM, without any sign
of the reentranes shown by the solutions of Eq. (2). For
the F ase, the largest disrepanies between N = 6 and
8 amount to 0.8% lose to H = 0, and are slowly redued
upon inreasing H ; around T ≃ 0.7, H ≃ 1.97, the two
urves dier by 0.04%. At T = 0.4, both oinide to
within two parts in 105, at less than 0.1% of H = 2,
and then home in towards (T,H) = (0, 2) on a straight
line. The disrepany between N = 12 and 14 is never
more than one part in 104 for T ≤ 1. The piture is
quantitatively similar for the D orientation.
On the other hand, for PRG with the TM along the AF
diretion, one gets relatively large negative slopes (but
approahing zero with inreasing N) as T → 0. Further-
more, at intermediate temperatures 0.4 . T . 0.8 the
urves show inetion points whih make extrapolation
of suh setions to N →∞ prone to instabilities.
The above-mentioned features are illustrated in Fig. 3.
We investigated the behavior of the limiting slopes for the
AF family against 1/N , with results displayed in Fig. 4.
The line shown in the Figure is a paraboli t to data
(SN = S∞+aN
−1+bN−2), from whih one gets |S∞| <
10−3, i.e., essentially zero.
Figure 4: (Color online) Slopes SN of the low-temperature
straight-line setions of approximate ritial boundaries given
by the solution of Eq. (3), for TM in the AF diretion, against
1/N . Data points are for N = 5− 14. The line is a paraboli
(linear plus quadrati) t to data.
C. Extrapolations
In this Subsetion, we deal diretly with extrapolations
of nite-size data for all (T,H). This is in ontrast to the
analysis of slopes, whih applies only at low T where the
nite-N data atually fall on straight lines.
Extensive investigation of the related problem of
isotropi Ising antiferromagnets in a eld [3℄ shows that,
in that ase, the main irrelevant exponent is yir = −2,
i.e., the leading orretions to saling are expeted to de-
pend on N−2. Thus, it is plausible to assume that suh
orretions also play a dominant role here. However, the
analysis of slopes above suggests that orretions in N−1
are present as well, at least in the low-temperature re-
gion.
In what follows, we examine both senarios, i.e., yir =
−1 and −2. The loations of points on the approximate
ritial line, for strip width N , are denoted by (T ∗N , H
∗
N ).
On aount of the overall shape of the phase diagram, we
extrapolate against negative powers of N in two dierent
ways: (i) at onstant X = H for high T & 1.7, and (ii)
at onstant X = T for T . 1.7. For large N , we t YN
[= T ∗N (H) in (i), or H
∗
N (T ) in (ii)℄ to a form
Y ∗N (X) = Yext(X) + a yir(X)N
yir + b yir(X)N
2yir . (4)
We have hosen to alulate Yext(X), a yir(X), and
b yir(X) from the three largest values of N available for
eah strip orientation, thus error bars (other than those
assoiated to the positions Y ∗N (X) themselves) are not
available from this proedure.
4Figure 5: (Color online) Low-temperature extrapolated rit-
ial boundaries, obtained via Eq. (4), with yir = −2 (empty
symbols), and yir = −1 (full symbols). TM is in the F dire-
tion in (a), and along the diagonal (D) in (b).
We managed to produe well-behaved extrapolated
ritial lines from the solutions to Eq. (2), only for F and
D orientations of the TM. For AF, though extrapolations
are generally smooth for T & 0.6, they display instabil-
ities for lower T , i.e. the setion of the phase diagram
whih is most relevant in the searh for reentrant behav-
ior. As regards PRG urves, due to the fast onvergene
of F and D data we found that N = 14 data an already
be taken as very lose to the N → ∞ limit, to within
an estimated one part in 104. As mentioned above, the
extrapolated PRG urves for AF display instabilities, ex-
ept for very low T (for whih the relevant information
is summarized in the slope analysis illustrated in Fig. 4).
Fig. 5 shows the low-temperature regions of extrapo-
lated ritial boundaries, for F and D, assuming yir = −1
or −2 in Eq. (4). For both urves orresponding to
yir = −1, there is a rather at setion: for F, points with
T ≤ 0.36 remain within one part in 105 from H = 2,
while for D the T ≤ 0.35 region is within one part in
104 from that limit. On the other hand, the yir = −2
extrapolations exhibit tiny reentranes, with maxima re-
spetively at H = 2.0024 (F) and H = 2.0012 (D).
In order to get further insight into the ompeting se-
narios under investigation, we examine the behavior of
the oeients a−1 and b−1 of Eq. (4) along the ritial
line. Indeed, this amounts to an unbiased test of whether
the dominant N - dependene of nite-size data is onN−1
(via a−1) or N
−2
(via b−1). In Figure 6 one sees that, at
low T , the N−2 terms tend to vanish for both F and D
ases. Furthermore, the inset of the Figure shows that in
the low-eld limit, it is the N−2 orretions that beome
Figure 6: (Color online) Low-temperature behavior of t-
ting oeients a−1 (empty symbols), b−1 (full symbols) of
Eq. (4). Triangles: TM along F diretion. Hexagons: TM
along diagonal (D). Inset: high-temperature behavior. Same
axis labels and symbol aptions as in main gure (see text).
dominant, and those inN−1 beome negligible asH → 0,
as is well known for the zero-eld Ising model [3, 16℄. The
latter result gives further redene to the proedure just
desribed, and thus to the onlusions reahed regarding
the lowT regime.
Finally, we found no lear evidene that an exponent
yvac = −4/3, assoiated to vaany exitations, might
be present [3℄. This is beause (i) at the F and D data
learly depend predominantly on N−1 at low T , as al-
ready shown in the slope analysis; and (ii) the slope data
for AF do not exhibit any signiant improvement in
quality of t when plotted against N−4/3 (ompared to
the paraboli ts in N−1 of Figs. 2 and 4).
III. DISCUSSION AND CONCLUSIONS
We begin by realling that Eq. (3) depends on the exis-
tene of an underlying diverging orrelation length, thus
its non-trivial xed points orrespond to a seond-order
transition. We only failed to nd suh points for low
temperatures, generally T . 0.2. This is due to the ex-
tremely slow onvergene of numerial results, onneted
to the very large ratio between positive and negative ex-
ponentials whih are the TM states' Boltzmann weights
in that region. If a triritial point were present, separat-
ing rst- and seond-order setions of the ritial urve,
one would expet spurious eets suh as the "hooking"
found for the three-dimensional version of the urrent
problem [17℄. On the ontrary, as long as we an nd
5lowT solutions to Eq. (3) they behave in the expeted
manner, i.e. homing in towards the exat T = 0 xed
point at H = 2. Furthermore, the extrapolated η = 1/4
urves agree very well with the solutions of Eq. (3) down
to T = 0.2, and still extend somewhat further down to
T ≈ 0.1 Sine, by onformal invariane, η = 1/4 orre-
sponds to an Ising transition, our results indiate that
this is the harater of the ritial line, at least down
to T = 0.1. Therefore, if a triritial point is present,
it must be loated at T < 0.1, H ≈ 2. We thus on-
lude that the transition is indeed seond-order and in
the Ising universality lass along the whole of the ritial
urve (exept for the latter possibility, whih we are not
able to probe diretly).
We now reall that the reentrant behavior predited in
Ref. 8 is sizable: in the units used in the present work, it
translates into the ritial line leaving (T,H) = (0, 2)
with a slope S = (1/2) ln 2 = 0.3466 . . . [ see their
Eq. (31) ℄. This is in ontrast with the results of Sub-
se. II C, where we nd at most S = 7 × 10−3 (with the
TM in the F diretion, using yir = −2).
In the omparable problem of isotropi antiferromag-
nets, though the ritial line Hc(T ) given in Ref. 6 does
not exhibit reentranes, it is always above that found in
Refs. 4, 5 (exept at the T = 0 and H = 0 ends, where
both lines oinide). The maximum disrepany, of or-
der 4%, is in the entral region, 0.7 . T . 1.5, tailing
o towards both ends. It thus appears that the methods
employed in Refs. 6, 8 generally tend to overestimate the
extent of the ordered region in parameter spae.
Though the present problem is weakly anisotropi in a
broad sense, the distint nature of spin ouplings along
eah oordinate axis is responsible for the introdution
of subtle biases, when one iterates the TM along ei-
ther of those very same axes. Indeed, the size of the
ordered region predited by low-T TM results system-
atially dereases as one hanges orientation from F to
D, and nally to AF. The explanation is that, for the
high elds near the ritial urve, the ferromagneti or-
relations piked out when the TM goes along F tend to
be emphasized; when the TM goes along AF, the orre-
sponding antiferromagneti orrelations are inhibited by
the eld. The small negative extrapolated slope of the
AF urves, shown in Fig. 2, most likely reets the lat-
ter eet. For the TM going along D, an evenly-balaned
mixture of both kinds of orrelations is olleted upon its
iteration. Therefore we believe that, of the three setups
implemented here, the latter is the one likely to produe
the most reliable results.
Note also that, for PRG one is always omparing orre-
lation lengths evaluated along the same lattie diretion
in Eq. (3), so the aforementioned biases tend to anel
out, if present. Thus, (i) the PRG urves for F and D
do not show reentranies, even for nite N ; and (ii) the
slope of PRG urves for AF approahes zero as N−1 → 0
(see g. 4), as opposed to the small negative value found
for the orresponding solutions of Eq. (2).
In priniple, the results for F, D, and AF orientations
Figure 7: (Color online) General view of extrapolated phase
diagram. Full line is extrapolation of solutions of Eq. (2), with
the TM along D, using yir = −1. Points: PRG, N = 14, with
the TM along F (triangles) and D (hexagons). Inset: Low-
temperature setion of same data. Same axis labels and sym-
bol aptions as in main gure, exept for additional dashed
line whih is extrapolation of solutions of Eq. (2), with the
TM along F, using yir = −1.
must eventually extrapolate to the same loation of the
ritial boundary as N → ∞. The way niteN data
vary as N inreases is onsistent with this, see Figs. 1
and 3. However, it is apparent that subdominant or-
retions to saling have muh larger amplitude for AF
than for F or D. Attempting a theoretial understand-
ing of why this is so usually beomes a highly nontrivial
task, as it involves (i) unequivoally identifying the asso-
iated irrelevant exponents, and (ii) one this is done,
analysing the (non-universal) amplitudes of the orre-
sponding terms. Examples of this an be seen in Refs. 3
and 16. Here, for pratial reasons we hose to extrapo-
late only the sets of (T,H) data for whih the small sub-
dominant orretions ould be satisfatorily dealt with
via Eq. (4) and its underlying assumptions.
We have found that the minimum amount of disrep-
any among all our results orresponds to the set of: (i)
extrapolated data from the solutions of Eq. (2), with the
TM along D, using yir = −1; (ii) PRG with the TM along
D, and (iii) PRG with the TM along F. See Fig. 7. The
extrapolations from the solutions of Eq. (2), with the TM
along F, and using yir = −1, also agree very well with
these, exept for the low-temperature 'shoulder' where
urves begin to depart more signiantly from the hor-
izontal line H = 2. This is illustrated in the inset of
Fig. 7.
In order to hek on the universality of ritial proper-
ties, we examined the thermal exponent yT = 1/ν along
6Figure 8: (Color online) Thermal saling exponent yT = 1/ν
along extrapolated ritial line shown in Fig.7, alulated via
Eq. (5), with M = N − 2. TM along D. The disontinuity at
T ≈ 1.74 marks the hange in assumed saling diretion (see
text).
the ritial line. Considering two strips of widths M and
N , nite-size saling [15℄ gives:
yT = 1 +
ln(κ′N/κ
′
M )
ln(M/N)
, (5)
where κ′N , κ
′
M are derivatives of the inverse orre-
lation lengths, taken with respet to the appropriate
temperature-like saling eld, evaluated on the ritial
urve. With the TM along D, and using M = N − 2,
we swept the extrapolated line shown in Fig. 7. For sim-
pliity, the temperature-like diretion was taken as the
temperature axis for low and middle elds H < 1.41 (or-
responding to 1.74 . T ≤ 2.269 . . . ), and as the H-axis
for the remainder of the ritial line. The resulting so-
lutions to Eq. (5), for N = 10, 12, and 14, are shown
in Fig. 8. Although the abrupt jump at T ≈ 1.74 is an
artifat, reeting the above-mentioned (and somewhat
arbitrary) hange in the assumed saling diretion, one
sees that on both sides of the disontinuity the estimates
are rather lose to the Ising value yT = 1, and systemati-
ally approah it with inreasing N . On the other hand,
for T . 0.5 (where H already diers by less than 0.5%
from the zero-temperature Hc(0) = 2), rossover eets
related to the energy level rossings at T = 0 ause an
extreme deterioration in our estimates.
Near the H = 0 extreme of the ritial urve, we have
tted our extrapolated urves to a paraboli shape:
Tc(H) = Tc(0)− aH2 , (6)
from whih we get a = 0.217 ± 0.001, to be ompared
with a = 0.1767 . . . and a = 0.3018 . . . , eah oming
from a slightly dierent implementation of the interfae
method [7℄. Note that the oeient of a hypothetial
linear term in Eq. (6) vanishes identially beause the
phase diagram is symmetri under eld inversion, thus
the saling variable must depend on H2. For H → 0
this means that Tc(H) = Tc(0) − aH2 plus higher-order
terms [18℄.
Finally, we return to the exponentially vanishing de-
viations from a horizontal line near T = 0, predited in
earlier work and mentioned in the Introdution. These
are of the general form [7℄
H = 2 + c T x exp(−d/T ) , (7)
where c < 0 for both implementations of the interfae
method [7℄, as well as for a free-fermion approxima-
tion [7℄, whereas c > 0 for the linear-hain approxima-
tion [1, 7℄ (|c|, d, and x turn out to be of order unity in
all ases). While we do not have enough auray at low
temperatures to probe for this sort of eet, it seems safe
to state that any stronger deviations from the horizontal,
be they in the shape of a reentrane or the opposite, are
ruled out by our results.
Our extrapolated data for the loation of the ritial
line, for both F and D, with yir = −1 and −2, are avail-
able as ASCII les [19℄.
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